NEW ESTIMATES ON GENERALIZATION OF SOME 
INTEGRAL INEQUALITIES FOR s CONVEX FUNCTIONS AND 

THEIR APPLICATIONS 



IMDAT igCAN 

Abstract. In this paper, a new identity for difFerentiable functions is derived. 
Thus we can obtain new estimates on generalization of Hadamard,Ostrowski 
and Simpson type inequahties for functions whose derivatives in absolute value 
at certain power are s— convex (in the second sense). Some applications to 
special means of real numbers are also given. 



1. Introduction 

Let / :/ CM— >Kbea convex function defined on the interval / of real numbers 
and a, & 6 / with a < b. The following inequality 



(1.1) 



< 



6- 



f{x)dx < 



/(«) + fib) 



holds. This double inequality is known in the literature as Hermite-Hadamard 
integral inequality for convex functions [6] . Note that some of the classical inequal- 
ities for means can be derived from (11.11) for appropriate particular selections of the 
mapping /. Both inequalities hold in the reversed direction if f is concave. 

Let / :/ CM— >Kbea mapping difFerentiable in 1°, the interiorof I, and let 
a,b € 1° with a < 6. If |/'(a:)| < M, x G [a,b] , then we the following inequality 
holds 



1 



f{t)dt 



< 



M 



[x 



for all X G [a, b] . The constant j is the best possible in the sense that it cannot be 
replaced by a smaller one. This result is known in the literature as the Ostrowski 
inequality [7]. 

The following inequality is well known in the literature as Simpson's inequality . 
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Let / : [a, 6] ~> M be a four times continuously difFerentiable mapping on (a, b) 
and ll/^*-*!!^ = sup l/'-^H^^)! < Then the foUowing inequality holds: 



a;G(a,fc) 

/(a) + fib) 



2/ 



1 



b — a 



f{x)dx 



< 



2880 



f(4) 



In recent years many authors have studied error estimations for Simpson's 
inequality; for refinements, counterparts, generalizations and new Simpson's type 
inequalities, see [U [HI [121 [B] and therein. 

In [4] , Breckner introduced s-convex functions as a generalization of convex func- 
tions as follows: 

Definition 1. Let s G (0, 1] be a fixed real number. A function f : [0, oo) — > [0, oo) 

is said to be s— convex (in the second sense), or that f belongs to the class K^, if 



(1.2) 



f{tx+{l~t)y)<t'fix) + il~t)'fiy) 



for all x,y E [0, oo) and t g [0, 1]. 

If inequality (11.21) is reversed, then / is said to be s— concave (in the second 
sense). Of course, s-convexity means just convexity when s = 1. 

In [5] , Dragomir and Fitzpatrick proved a variant of Hadamard's inequality which 
holds for s— convex functions in the second sense. 

Theorem 1. Suppose that f : [0, cxd) — > [0,cxd) is an s~convex function in the 
second sense, where s G (0,1), and let a,b E [0, oo), a < b.If f G L[a,b] then the 
following inequalities hold 



(1.3) 



a + b 



< 



6- 



f(x)dx < 



fja) + fib) 
s + 1 



Both inequalities hold in the reversed direction if f is s— concave. The constant 
k — jij- is the best possible in the second inequality in (|1.3p . 

2. Main results 
In order to prove our main theorems, we need the following Lemma. 

Lemma 1. Let f : I Q R ^ W be a differ entiable mapping on 1° such that f G 
L[a, b], where a,b £ I with a < b and 0, X E [0, 1]. Then the following equality holds: 



(1 - 0) (A/(a) + (1 - A) f{b)) + 0f{{l -X)a + Xb)- 



1 



b — a 



fix)dx 



(b-a) 



-X^ J {t-0) f {ta +il-t) [(1 - A) a + Xb]) dt 





+ il-X)'J it- 





I/' {tb+{l-t) [{1 - X) a + Xb]) dt 
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Proof. Firstly suppose that A G (0, 1) and let C = (1 — A) a + Xb. 
1 1 
/ = -A^ / (< - e) f (ta +(!-<) C) rfi + (1 - A)^ / (t-e) f {tb + {1 - t) C) dt 



integrating by parts, we get 



{t-e) 



Xf {ta + C{l-t)) 



b — a 



b-, 



f{ta + C{l-t))dt 



+ {t-0) 

xa-e) 



{l-X)f{tb + Cil-t)) 



b — a 



b — a 

b — a b ~ a 
1 



' (1-A) 



(1-A)(1 



fib) 
b ~ a 
1 



f {tb + C {l~t))dt 
fiC) 



+ {1-X)9 



b — a 



X f{ta + C{l-t))dt+{l-X) f (tb + C (1 - t)) dt 



Setting X = ta+C (1 — t) , dx — X{a — b) dt^and x = tb+C {1 — t) , dx = fi {b — a) dt 
respectively, we obtain 

1 1 

A / fita + C{l-t))dt+{l-X) [ f {tb + C (1 - t)) dt 



b — a 



c b 

f {x) dx + / / {x) dx 



1 



6- 



/ {x) dx 



and so we have 

{b-a)I = {l-e) (A/(a) + (1 - A) f{b)) + 9f{C) 



b — a 



f{x)da 



which gives the desired representation ()2.1|) . 

Secondly suppose that A G {0, 1} . The identities 



(1 - 9) f{b) + 9f{a) - 



1 



b — a 



f{x)dx ^{b-a) / {t-9) f {tb +{l-t) a) dt 



and 



D 1 

(1 - 9) f{a) + 9f{b) - ^ J f{x)dx ^{b-a)J{9-t) f {ta + {I - t) b) dt. 

a 

can be proved by performing an integration by parts in the integrals from the right 
side and changing the variable. □ 
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Theorem 2. Let f : I Q [0, cxd)— > R be a differentiable mapping on 1° such that 
/' G L[a,h\, where a,b £ 1° with a < b and 0,X E [0,1]. // \ f'\'' is s— convex on 
[a,b], q > I, then the following inequality holds: 

(1 - 9) (A/(a) + (1 - A) f{b)) + e,f{{l -X)a + Xb)- ^ / f{x)dx 



< {b-a)Al ^0)[x^[\f{a)\'A2{e,s) + \r{C)\'As{e,s)]' 

(2.1) + (1 - A)^ [I/' A,{e, s) + \f (or A,{e, s)] ' } 

where 



A2{e,s) 

A3{9,s) 
and C = {1 - X) a + Xb. 



-4 

261"+^ 9 1 



(s + l)(s + 2) s + 1 s + 2' 
2(1- 0)"+^ 1-61 1 



(s + l)(s + 2) s + 1 s + 2' 



Proof. Suppose that q > I and C = (1 — A) a + A6. From Lemma [T] and using the 
well known power mean inequality, we have 



b 

(1 - 9) (A/(a) + (1 - A) f{b)) + 9f{C) f{^)dx 

a 

1 1 

\2 



<ib-a) 



^ j \t- S\ I/' (to +{l-t)C)\dt+{l- Xy J \t-9\ If {tb +{l-t) C)\ dt 



i_i 1 
< {b^a) {X' \ J\t-9\dt^ ^J\t-9\\f{ta+{l-t)C)\''dt 

(2.2) +{1- Xf (^J\t-9\d)j (^J\t-9\\f'{tb+{l-t)C)\''dt 

Since |/'|'' is s— convex on [a, 6], we know that for t e [0, 1] 

(2.3) I/' {ta + C{1- t))r < I/' (a)r + (1 - tY I/' (C)!' 
and 

(2.4) I/' (<6 + c (1 - i))r < If (6)r + (1 - I/' (c)r ■ 
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Hence, by simple computation 



\t-e\ I/' {ta+{\-t) C)\'^dt 

< I \t-e\[t^\r{a)\' + {i-tr\fic)\']dt 



/ \t~9\t^dt+\f{c)\' / \t-e\{i-trdt 



(2.5) 



< 



(2.6) 
and 

(2.7) 



I/' {a)\''A2{9,s) + \f'{C)\'As{9,s) 

\t-e\ I/' {tb + {i-t) c)\'^dt 
\t~e\[t^\f ib)\" + {i-tr\ric)\'']dt 

1 1 

I/' (6)r J\t-e\ t^dt + 1/' (c)r J\t^9\{i^ ty dt 



I/' (5)rA2(e,s)+i/'(c)rA3(e,s) 



\t-9\dt = e^ -9 + ^. 



Thus, using ([13]), (US]) and in ([12]), we obtain the inequality ^I^. This 

completes the proof. □ 

Corollary 1. Under the assumptions of Theorem\^ with q = I, we have 



(1 - 9) (A/(a) + (1 - A) f{b)) + 9f{{l - A) a + A6) 



f{x)dx 



< 



{b - a) [A2{9, s) (a^ If (a)| + (1 - A)^ |/' (6)|) + A,{9, s) {2X' - 2A + l) |/' (C)|} 



where A2{9,s) and A3(9, s) are defined as in Theorem\^ 

Corollary 2. Under the assumptions of Theorem\^ with s = 1 we have 



{1-9) {\f{a) + {l-X)f{b)) + 9f{C)- 



1 



b — a 



f{x)dx 



< 



(b - a) Al-'i9) [X' [If (a)r A,{9, 1) + |/' {C)\' A,{9, 1)] ' 
+ (1 - A)2 [I/' (6)r A2{9, 1) + I/' (C)r A3(^, 1)] '} 
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where 



MO) 

^2(0,1) 
^3(^,1) 



1 + 



1 - 



2 ' 



and C = (1 - X)a + Xb. 



Corollary 3. Under the assumptions of Theorem \^ with 9 — 1, then we have 
following generalized midpoint type inequality 



< 



/((1-A)a + A5) 



b — a 



1 



6- 



f{x)dx 



[xWf'{a)\'' + {s + l)\f'{C)\y 



Xs + l){s + 2) 

+(i-Af (i/'(6)r+(,s+i)i/'(c)r)'}, 

where C = (1 — A) a + A6. 

Corollary 4. Under the assumptions of Theorem\^ with 6 — 1, if \f'{x)\ < M, 
X € [a, b] , then we have the following Ostrowski type inequality 



(2.8) 



fix) 



b — a 



f{u)du 



< M 



s + 1 



{x — a)^ + (b — x)'^ 
2{b-a) 



for each x G [a, b] . 



Proof. For each x e [a, b], there exist A^^ £ [0, 1] such that x ~ {1 — Xx) a + Xxb. 
Hence we have A^^ = and 1 — Aa; = ^5^. Therefore for each x e [a, b] , from the 
inequality (|2.ip we obtain the inequality ()2.8p . □ 



Remark 1. We note that the inequality V2. 8\) is the same of the inequality in [U 
Theorem 4] . 

Corollary 5. Under the assumptions of Theorem with 9 = 0, then we have 
following generalized trapezoid type inequality 



< 



A/(a) + (l-A)/(6) 



b — a 



b ~ a 



f{x)dx 



,Gs + l)(,s + 2) 
where C = (1 — A) a + Xb. 



{A2((.+i)i/'(a)r+i/'(c)r)' 
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Corollary 6. Under the assumptions of Theorem[M with A = ^ and = |, then 
we have the following Simpson type inequality 

b 



< 



1 
6 



/(«)+4/ 



18 



fib) 



1 



b — a 



f{x)dx 



A2(|.)|/'(a)r + A3(|.) 



+ (^2(|s)i/'(fe)r+A3(|s) 



where 



2S+3 _^ 3S+I _ 

3^+2(s + l)(s + 2) ' 
2 + 3"+! (2s + 1) 



3''+2(s + l)(s + 2)' 

Corollary 7. Under the assumptions of Theorem[^ with A = ^ and 0—1, then we 



have following midpoint type inequality 

b 



f 



a + b 



1 



b — a 



f{x)dx 



< 



6- 



8 V(s + l)(s + 2) 



+ i/'(6)r + (s+i) 



Corollary 8. Under the assumptions of Theorem\^ with A = ^ , and 6 = 0, then 
we get the following trapezoid type inequality 

fia) + f{b) 1 /• b- 



b — a 



X (s + l)|/'(a)r + 



f{x)da 



n- 



< 



8 \is + l){s + 2) 



Using Lemma [T] we shall give another result for s— convex functions as follows. 

Theorem 3. Let / : / C [0, 00)-^ M 6e a differentiate mapping on 1° such that 
f G L[a,b], where a,b £ 1° with a < b and 0, A G [0,1]. // j/'l' is s— convex on 
[a,b], q > I, then the following inequality holds: 

b 

(1 - 9) (A/(a) + (1 - A) f{b)) + dfiil -X)a + Xb)- ^ 



6- 



f{x)dx 
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< (b-a) 



p+i + (i_g)p+i y 



(2.9) X 



s + 1 



s + 1 



where C = (1 - A) a + A6 and i + i = 1. 

Proof. Suppose that C = (1 — A)a + Xb. From Lemma [T] and by Holder's integral 
inequality, we have 



(1-0) (A/(a) + (l-A)/(fe)) + 0/(C) 



1 



b — a 



f{x)dx 



<ib-a) 



1 1 

v2 / u /II I J-' , /I -i\ j-i , /I ^^2 



A / |i ~ 6*1 1/' (to + (1 - i) C)| + (1 - A)^ / |t - 0| |/' (i6 + (1 - t) C)| di 



1 \ p / 1 

2 I / u flip Jj- 1 I / I -f/ /j-„ , n . 



< (5-a) <( A^ I y |i-6i|Pdt 



I/' (ta+ (1 -t) C)rdt 



(2.10) +(1-A)' I y |<-0|^di 



1 \ p / 1 

2 I / u /IIP 1 I / I J-/ fj-L , /I /^m9 



I/' (t6+ (1 -i) C)|'di 



Since j/'l"^ is s— convex on [a,b], the inequalities (j2.3p and (j2.4p holds. Hence, by 
simple computation 

1 1 

\rita+ii-t)c)\ut < /t^i/'(a)r+(i-<)^i/'(c)r 



(2.11) 



If (a)r + |f (C)r 
s + 1 



1 1 

i/'(<6+(i-t)c)rdi < /t^i/'(6)r+(i-t)^i/'(c)r 



(2.12) 
and 



s + l 



(2.13) 



it-6'rdt 



+ (1 - 9f+^ 
p+1 



thus, using (pjT|) - (pi^ in (PTTU)) . we obtain the inequality (^3]) . This completes 
the proof. □ 
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Corollary 9. Under the assumptions of Theorem\3\ with s — I, we have 



9 



(1 - 9) (A/(a) + (1 - A) f{b)) + ef{{l -X)a + Xb)- 



b — a 



f{x)dx 



< (b-a) 



'6*^+1 + (1 



p+1 



1\ ' 



A' (I/' (a)r + 1/' (cwy + (1 - A)^ (I/' + 1/' ' 

where C = {1 - X) a + Xb and i + i = 1. 

Corollary 10. Under the assumptions of Theorem\3l with = 1, then we have the 
following generalized midpoint type inequality 



/((1-A)a + A6) 



1 



b ~ a 

\f'i^)\' + \fic) \'Y 

s + l 



f{x)dx 



+ (1-Af 



< (6 - a) 



1 



p+1 

If {b)\' + \f'{ c)\'^Y 

s + l 



where C = (I - X) a + Xb and i + i = 1. 

Corollary 11. Under the assumptions of Theorem\3l with 9 = 0, then we have the 
following generalized trapezoid type inequality 



A/(a) + (l-A)/(5)- 



1 



b — a 



f{x)dx 



<ib-a) 



1 



X' 



2f\ f'ia)\' + \fiC) \'Y 
s + l 



+ (i-Ar 



p+i 

\f {b)\' + \f'{C WY 
s + l 



where C = {1 ~ X) a + Xb and 1 + 1 = 1. 

Corollary 12. Under the assumptions of Theorem \^ with 9 = 1, if < M, 

X e [a, b] , then we have the following Ostrowski type inequality 



(2.14) 



b — a 



f{u)dz 



< 



M 



iP+l)' 



s + l 



{x — a)^ + {b — x)^ 
b — a 



for each x £ [a,b] . 



Proof. For each x G [a, b], there exist A^, G [0, 1] such that x = {1 — Xx) a + Xxb. 
Hence we have A^; = |5f and 1 — A^; = ■ Therefore for each x £ [a, b] , from the 
inequality (|2.9p we obtain the inequality (|2.14p . □ 

Remark 2. We note that the inequality {2.14^ is the same of the inequality in [21 
Theorem 31 . 
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Corollary 13. Under the assumptions of Theorem[3[ with A = ^ and ^ = |, then 
we have the following Simpson type inequality 



/(a) + 4/ 



a + b 



fib) 



1 



b — a 



f{x)da 



< 



b-a /1 + 2P+1 



12 \3ip+l) 



|r(^)r + ir(a) 

s + l 



|r(^)r + irwi' V 

s + l 



which is the same of the inequality in [12:^ Theorem 8]. 

Corollary 14. Under the assumptions of Theorem [3[ with A = ^ and 9 — 1, then 
we have the following midpoint type inequality 



(2.15) 



1 



b-, 



f{x)da 



< 



b-a f 1 



i/'(^)r+i/'(«)r 

s + l 



4 \p+l, 

' |r(^)r + i.r m' \^ 

s + l ] 



Remark 3. We note that the inequality \2. 1 5]) is better than the inequality in [3J 
Theorem 2.3] . Because, by inequality 



is-l 



/' 



I ( a + b 



s + l 



we have 
a + b 



f 



b — a 



f{x)dx 



< 



6- 



1 \ " / 1 \ ' 



p+1 



s + l 



((2i-^ + s + l)|/' (a)r + 21-^1/' (6)0' 
+ ((2i-^ + s + l)|/' (6)r + 21-^1/' (a)r) 
which is the same of the inequality in [5, Theorem 2.3]. 

Corollary 15. Under the assumptions of Theorem[3[ with A = ^ and 9 — Q, then 
we have the following trapezoid type inequality 



(2.16) 



fia) + fib) 1 



f{x)dx 



2 b-a 

' |.r(^)r + i.r wi' V 

s + l 



< 



b-a f 1 



p+l 



|r(^)r + i.r wr y 

s + l 



We note that the obtained inequality i2.16\) is better than the first inequality in [SJ 
Theorem 3] . 
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Theorem 4. Let / : / C [0, oo) — > M fee a differentiable mapping on 1° such that 
/' G L[a,b], where a,h £ 1° with a < b and a, A G [0, 1]. // |/'|' is s~concave on 
[a,b], q > I, then the following inequality holds: 



(2.17) 



(1 - 0) (A/(a) + (1 - A) fib)) + efiil -X)a + Xb)- 



b — a 



f{x)dx 



< {b~a) 



X <^ A 



1\ " 
2 



^1 + (1 - +M " 



\ P + 1 

, /(2- A)a + A6 



+ (1-A)^ 



/' 



, /(1-A)a+(1 + A)6 



where C — (1 — A)a + A6 and l/p + l/q ~ 1. 



Proof. Suppose that C = (1 — A) a + Xb. We proceed similarly as in the proof 
Theorem|3l Since |/'|'' is concave on [a, 6], A £ (0, 1] by the inequality (|1.3p . we 
get 



1 



C-a 
1 



I/' ix)\'dx 



(2.18) = /l/'(ta+(l-^)C)rd^<^|/'(i^^4^) 



the inequality (I2.18P also holds A = too. Similarly, for A G [0, 1) by the inequality 
(jl.3|) . we have 



b-C 



\r i^)\'dx 



(2.19) = \f{tb+il-t)C)\Ut<-^_ 



r 



, /(1-A)a + (1 + A)6 



the inequality (|2l9l) also holds A = 1 too. Thus using ([2331) . plS)) and ([239]) in 
(|2.10p . we obtain the inequality (|2.17p . This completes the proof. □ 



Corollary 16. Under the assumptions of Theorem^with s — 1, we have 



(1 - 0) (A/(a) + (1 - A) fib)) + efiil -X)a + Xb)- 



b — a 



fix)dx 



< (b-a) 



X <^ A 



'0P+^ + il-< 

p+1 
„ /(2- A)a + A6 



yp+l \ P 



+ (1-A)^ 



/' 



, /(1-A)a+(1 + A)5' 
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Remark 4. In CoroUarv \16l if we take A = ^ and 9 = 0, then we have the following 
trapezoid type inequality. 



1 

b — a 



f{x)da 



< 



6- 



1 



p+l 



r 



, f 3b + a 



r 



, f 3a + b 



which is the same of the inequality in [91 Theorem 2] 

Remark 5. In Corollaru \ 1 61 if we take A = ^ and 9 — 1, then we have the following 
midpoint type inequality 



< 



f 

b — a 



1 



b — a 



f{x)dx 
, / 36 + a 



/' 



, f 3a + b 



which is the same of the inequality in [3l Theorem 2.5]. 

Corollary 17. Under the assumptions of Theorem [7] with 9 = 0, we have the 



following generalized trapezoid type inequality 

b 

1 



A/(a) + (1 - A) f{b) - 



b — a 



f{x)dx 



< (b-a) 



X <^ A 



1\ " 



p+l 



r 



, f{2- X)a + Xb 



+ (i-Ar 



, /(1-A)a+(1 + A)6 



Corollary 18. Under the assumptions of Theorem with 9 = 1, we have the 
following generalized midpoint type inequality 

b 



f{{l-X)a + Xb)- 



1 



b — a 



f[x)dx 



p+l 



X <^ A 



/' 



, /(2- A)a + A6 



+ (1-Af 



, /(1-A)a+(1 + A)6 



Corollary 19. Under the assumptions of Theorem\M with 9 = 1, we have the 
following Ostrowski type inequality 

b 



1 



b — a 



(2.20) < 



[p+l)" {b- a) 



f{u)du 



{x — ay 



f 



I I X + a 



+ [b-xf 



r 
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for each x G [a, b] . 

Proof. For each x G [a, b], there exist G [0, 1] such that a; = (1 — Xx) a + X^b. 
Hence we have A^; = |5f and 1 — Aa; = • Therefore for each x G [a, b] , from the 
inequahty (|2.17p we obtain the inequahty (|2.20p . □ 

Remark 6. We note that the inequality i2.20\) is the same of the inequality in [21 
Theorem 5] . 

Corollary 20. Under the assumptions of Theorem^ with A = i and 6 ~ 0, we 
have the following trapezoid type inequality 



(2.21) 



/ (a) + / (b) 1 



< 



b-a f 1 



p+1 



6- 



1 1- 



f{x)dx 

J., f 3b + a 



, /3a + 6 



which is the same of the inequality in [10, Theorem 8 (i)]. 

Corollary 21. Under the assumptions of Theorem^ with A = i and 6 = 1, 
have the following midpoint type inequality 



(2.22) 



/ 



a + b 



6-1 



f{x)da 



< 



b-a f 1 



p+1 



f 



I f 3b + a 



, /3a + 6 



which is the same of the inequality in [10, Theorem 8 (ii)] . 

Corollary 22. Under the assumptions of Theorem^ with A = ^ and 6 = ^, we 
have the following trapezoid type inequality 



(2.23) 



/(«) + 4/ 



a + b 



fib) 



1 



< 



b-a / 1 + 2P^ 



12 \3ip+l] 



b — a 
f f 3b + a 



f{x)dx 
, / 3a + 6 



V 4 



Remark 7. // |/'|'' , q > I, is concave on [a,b] , using the power mean inequality, 
we have 

|/'(Ax+(l-A)y)r > A|/'(:r)r + (l-A)|/'(2/)r 
> (A|/'(x)| + (l-A)|/'(2/)|)\ 

Vx, y G [a, b] and X G [0, 1] . Hence 

\f'iXx + il-X)y)\>X\r{x)\ + {l-X)\r{y)\ 
so I /'I is also concave. Then by the inequality il.l]} . we have 



(2.24) 



/' 



, /35 + a 



, f 3a + b 



< 2 



/' 



, f a + b 
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Thus, using the inequality {2.2i\ l in S2.21\) . i2.20f) and S2.23\} we get 

b 



f{a) + f{b) 1 



b — a 



a + b\ 1 



b ~ a 



f{x)dx 



f{x)dx 



< 



< 



b — a f 1 \'' f 1\ " 



2 \p+l 



f 



1 l-a 

b - a / 1 \ " / 1\ " 



2 \p+l 



2 

, f a + b 



and 



/(«) + 4/(^)+/(6) 



1 



1 l-s 



< 



b-a / 1 + 2P+^\" / 1\ " 



12 \3ip+l)J V2. 
respectively, where s G (0, 1] and 1/p + 1/q — 1. 



b — a 
I ( a + b 



f{x)dx 



3. Some applications for special means 
in [5], the following example is given. 

Let s e (0, 1) and a,b,c & R.We define function / : [0, cxo) — > M as 

r a, t = 
{bt' + c, t>Q ■ 

If 5 > and < c < a, then / e K'^. Hence, for a = c 0, b ^ s + 1, s e (o, 

q > 1, we have / : [0, oo) ^ [0,oo), /(t) ^i^+i, |/'|« e if^. 

Let us recall the following special means of arbitrary real numbers a, b with a ^ b 
and a e [0, 1] : 

(1) The weighted arithmetic mean 

Aa (a, b) aa + (1 — a)b, a, 6 € M. 

(2) The unweighted arithmetic mean 

A{a,b) :== , a, 6 e M. 

(3) The Logarithmic mean 

L{a,b):=—^ — ^ — , a ^ b, a,b>0. 
in — in a 

(4) Then p— Logarithmic mean 
Lp (a, b) 



ip+l)ib-a) 



, p e M\{-1,0}, a,b>0. 



Now, using the results of Section 2, some new inequalities are derived for the 
above means. 



GENERALIZATION OF SOME INTEGRAL INEQUALITIES 
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Proposition 1. Let a, 6 S M with < a < b, g>l, sG (o, andX,9 e [0,1] we 
have the following inequality: 

\{l-e)Ax {a^+\ 6^+1) + eAl+' (a, b) - J {a, b) \ 
< (6 - a) ' {6) {s + 1) {a^ [a^M2(0, s) + (6, 0)^3(0, s)] ' 
+ (1 - A)' [6^M2(^^, s) + Al^ib, a)A,ie, s)]^ } 
where Ai{9), A2{0,s), A^^O^s) are defined as in Theorem\^ 

Proof. The assertion follows from Theorem [5] for the function f{t) ~ t''^^, t S 
[0,00), sG (0,|) . □ 

Proposition 2. Let a, 5 G K. with < a < b, p, q > 1, ^ + ^ = 1j'5'= |) '^'^'^ 
X,0 £ [0, 1] we /laiJe </ie following inequality: 

\{l-e)A^ (a^+i , 6^+1) + 1 (a, 6) - L^+J (a, &) | 

X A'(a*« + ^f (6,a))' +(1-A)'(6^'? + Af (&,a))^ 
where l/p + 1/q = I. 

Proof. The assertion follows from Theorem |3] for the function f{t) — f^^^, t e 

□ 



[0,00), se (o,i) 
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